Let C + ns (p) be the Cuspidal Divisor Class Group of the modular curves X + ns (p) associated to the normalizer of a non-split Cartan subgroup of level p. I study the p−primary part of C + ns (p) and estimate the order of growth of |C + ns (p)|.
Introduction
Let p be a prime and let X + ns (p k ) be the modular curve associated to the normalizer of a non-split Cartan subgroup of level p k . In [2] we describe the Cuspidal Divisor Class Group C and the generalized Bernoulli number:
Tr(x) p χ(x).
Specializing [2, Theorem 7.1] and [2, Theorem 7.4 ] to the case k = 1 we obtain:
Theorem 1.1. The Cuspidal Divisor Class Group on X + ns (p) is a module over R and we have the following isomorphism:
Moreover we have:
From the previous theorem we deduce two results both having a counterpart in cyclotomic field theory. Theorem 2.1 We have:
The paper ends up with a modular analogue of Mazur-Wiles [9, pag. 300], Herbrand [9, pag. 101] and Ribet [9, pag. 342] theorems for cyclotomic fields. We have a similar piece by piece description of the p-Sylow part C p of C + ns (p). Let A be the p-Sylow subgroup of the ideal class group of Q(ζ p ). A corollary of Mazur-Wiles theorem states that: 
Order of growth of Cuspidal Divisor Class Groups
We study the order of growth of |C + ns (p)|:
If p ≡ 3 mod 4:
.
Furthermore for every p we have:
Proof. Let T : F p 2 → F p a surjective F p -linear map. Let χ be a multiplicative character on F * p 2 . Following [6, Paragraph 1.5] and [5] we define for s ∈ C the generalized L-series:
where ζ(s, u) is the Hurwitz zeta function which is defined for a real number 0 < u ≤ 1 by:
By a classical result of Hurwitz [9, Theorem 4.2] we have:
so if χ is an even character and T (α) := 1 2 Tr(α) mod p, we have:
Consider the following relation (cfr. [6, Theorem 5.2, Chapter 1]):
is a Gauss sum on F p 2 . From [4, Proposition 11.5] we have |τ (χ, T )| = p so by virtue of Theorem 1.1 we deduce:
If p ≡ 1 mod 4 let B the subgroup of squares of even characters mod p. In this case we have:
If p ≡ 3 mod 4 we can obtain a more accurate estimation. In this case we have:
and by the arithmetic-geometric mean inequality:
From the Polya-Vinogradov inequality [4, Theorem 12.5] for every χ = 1 we have |S(t, χ)| ≤ 6 √ p ln p and consequently:
By the triangle inequality we obtain:
because:
and χ even χ(n)χ(m) = 0 except when n ≡ ±m mod p. Hence:
Let Λ be the von Mangoldt function:
Λ(n) = log p if n = p k for some prime p and integer k ≥ 1, 0 otherwise.
From the classical relation:
and analogously if p ≡ 3 mod 4 we have: χ even L(2, χ) ≥ 1. Alternatively, we could notice that if X is a group of Dirichlet characters and K is the associated field with ring of integers O K , from [9, Theorem 4.3] we have:
So we can easily deduce: 
Eigencomponents at prime level
Following [7] , in order to study the p−primary part C p of C + ns (p) it is convenient to define:
where the degree of x = h∈H x h h is defined by deg x = h∈H x h . Of course we have C p ∼ = R p,0 /R p θ because when p ≥ 5, the Stickelberger element θ belongs to 1 12 Z[H] and 12 is invertible in Z p . We have the following decomposition:
where χ ranges over the non trivial characters:
Let w be a generator of H = (Z/pZ) * /{±1}. Notice that:
so θ operates on C p (χ) as multiplication by S χ −1 and consequently:
We define the Teichmüller character
to be the character such that:
Then we consider φ = ω 2 and view it as a charcater on H.
Proposition 3.1. Define:
If p ≡ 1 mod 4 and
If p ≡ 3 mod 4 and
For the general case see [8, Chapter 2, Theorem 2.5]. We have:
If p ≡ 3 mod 4 and j = p−3 4
we have
= −1. Apart from this exception we have that p|
Let B n (x) the n- 
n h b n−h x h so we obtain:
Notice that for 1 ≤ j ≤ p−3 2
, p − 1 does divide neither 4j + 2 nor 4j + 1 + p (we have already excluded the case p ≡ 3 mod 4 and j = p− 3 4 ). We may apply Kummer's congruence [1, Theorem 3.2]:
So we have: 
